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Depletion potential in the infinite dilution limit
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The depletion force and depletion potential between two in principle unequal “big” hard spheres
embedded in a multicomponent mixture of “small” hard spheres are computed using the rational
function approximation method for the structural properties of hard-sphere mixtures [S. B. Yuste, A.
Santos, and M. Lopez de Haro, J. Chem. Phys. 108, 3683 (1998)]. The cases of equal solute
particles and of one big particle and a hard planar wall in a background monodisperse hard-sphere
fluid are explicitly analyzed. An improvement over the performance of the Percus—Yevick theory
and good agreement with available simulation results are found. © 2008 American Institute of

Physics. [DOI: 10.1063/1.2841172]

I. INTRODUCTION

Excluded volume interactions in hard-sphere mixtures
are interesting for a number of reasons. For one thing, col-
loidal systems are often modeled as mixtures of dissimilar
hard spheres and, experimentally, it is known that this inter-
action plays an important role in the observed behavior.
Moreover, due only to the existence of a disparate size ratio
between solute and solvent, the (purely entropic) effect on
the solvent mediated interaction forces between solute par-
ticles in a hard-sphere suspension may be quite dramatic.
Take for instance the case of two (not necessarily equal) big
hard spheres immersed in a fluid of small hard spheres.
When the distance between the two big spheres is less than
the diameter of the small spheres, the latter may not get into
the gap. This depletion effect induces an imbalance in the
local pressure leading ultimately to an effective attraction
between the big spheres. A rather similar phenomenon occurs
when, in the presence of say a hard planar wall, one has a
single big hard sphere (solute) in a sea of small hard spheres
(solvent).

The concept of depletion force was first introduced by
Asakura and Oosawa' over 50 years ago in the context of
colloid-polymer mixtures. Ever since, a great number of pa-
pers devoted to depletion interactions involving hard-sphere
mixtures have appeared in the literature. The approaches
have also been varied ranging from experimf:nt,2 density
functional theory,3710 computer simulations,lk17 virial
expansions,18 the Derjaguin approximation,lg’22 or the inte-
gral equation formulation of liquid state theory.7’23_34

Very recently we have addressed the problem of deriving
the density profiles of multicomponent hard-sphere mixtures
near a planar hard wall® using an alternative approach to the
integral equation theory for the structural properties of the
syst<3m.36’37 The main aim of this paper is to complement our
former results with the study of the depletion potential for
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various systems involving hard-sphere mixtures. Specifically
we will deal with the depletion interaction between two dif-
ferent (big) hard spheres immersed in a multicomponent
mixture of (small) hard spheres. A limiting case of this situ-
ation is when the diameter of one of the big spheres becomes
infinite and so this sphere is seen as a hard planar wall both
by the other big sphere and by the multicomponent mixture
of small spheres. It should be emphasized that our approach
represents an improvement over the Percus—Yevick (PY)
theory. In fact, it retains the major asset of the latter, namely
it also yields analytical results in Laplace space. Further, our
approach is technically simple too, so that the improvement
over the PY theory is not achieved at the expense of adding
difficulty to the theoretical development.

The paper is organized as follows. In the next section we
provide a relatively simple derivation of the Asakura—
Oosawa depletion potential by looking at the exact results for
the radial distribution functions of a multicomponent hard-
sphere mixture to first order in density. This is followed in
Sec. III by a summary of the results for the structural prop-
erties of a multicomponent hard-sphere mixture obtained by
using the rational function approximation (RFA) method.**’
This section also includes the limit where two of the species
in the mixture (the solute) are present in vanishing concen-
tration and the special cases where the solute particles have
equal diameters or one is seen as a wall both by the other
solute particle and by the solvent. Section IV presents the
results both of the depletion potential and the depletion
forces for some illustrative cases and compares them with
available computer simulation data.”'>"*'7 We close the pa-
per in Sec. V with a discussion of the results and some con-
cluding remarks.

Il. RADIAL DISTRIBUTION FUNCTIONS TO FIRST
ORDER IN DENSITY: THE ASAKURA-OOSAWA
RESULT

In this section we present a simple derivation of the
Asakura—Oosawa depletion potential] that follows from ex-
act results of the structural properties of multicomponent

© 2008 American Institute of Physics
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hard-sphere mixtures rather than the original geometrical ar-
guments. Let us consider an (N+2)-component hard-sphere
mixture in which the closest distance between a sphere of
species i and a sphere of species j is 0;;. Thus, 0= 0;; can be
considered as the “diameter” of a sphere of species i. The
mixture can be either additive, i.e., 0;;=(0;+0;)/2, or non-
additive, i.e., 0;;# (0;+0;)/2. The number density of the
mixture and the mole fraction of species i will be denoted by
p and x;, respectively. To first order in p, the radial distribu-
tion functions g;;(r) are exactly given by

gi(r) =g0(r) + gl (r) + O(p?), (1)
where
g =0(r-0,), )
Ne2
g(r) = g X8 x(r), (3)

T
gl(jl)k(r) = E[rz +2(0y + oy)r = 3(oy - O'kj)z]

X(O'lk+0'kj—r2®(r 0)O(oy + oy —1). (4)

In Egs. (2) and (4) ®(x) is the Heaviside step function. A
derivation of Eq. (4) can be found in Appendix A.

Now we assume that the mole fractions of species i=N
+1 and i=N+2 (here labeled as i=a and i=b, respectively)
vanish, so that the other species (i=1,2,...,N) constitute the
solvent. In that case, the depletion potential u,,(r) for the
effective interaction between the solute spheres a and b is
given by

Buab(r) =-In gab(r) B (5)

where B=1/kgT, kg being the Boltzmann constant and 7
being the absolute temperature. According to Egs. (1) and
(2), to first order in p (and for r>o,,), one has

Butay(r) = — pgly) (), (6)

so that, taking Egs. (3) and (4) into account,

N
Buta(r) == p=o= D 50+ 7= 1)
Plar =1
X[ +2(04+ 0p)r = 3(0: = 03,:)°]
XO(oyi+ pi—1). ()
If both solute spheres are identical (o,;=0y;, o,,=0,), Eq.
(7) becomes
N
Buaa(d) == E — 0, d)2
X(d +0,+ 40—(11')@(20-(41' — 04— d)v (8)

where we have defined the distance d=r-o,. If, furthermore,
the ai interaction is additive, namely 20,,=0,+0;, then
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N
Bitge(d) =~ 2 (o= d)*(d+30,+20,)0(0;-d).

9)

This result coincides with the Asakura—Oosawa
expression.l’12

We now go back to the case a # b, define z=r-o,, and
assume that the ab and bi interactions are additive. In the

limit o3, — % the sphere b becomes a wall and Eq. (7) reduces

to
-0, )2
-z
2

Bit,,(2) = p—EX<<Tm+

g, — 0o,
><(2z+0u+40'a,-—0',-)(0'm+ 5 —z).
(10)
Again, if, furthermore, the ai interaction is also additive,
N
T
Bita(2) == p—~ 2 xi(0; = 2)*(22+ 30, + 7)O(0; - 2).

61
(11)

This result also coincides with the corresponding Asakura—
Oosawa e:xpression.l’12

Note that the validity of Eq. (7) to first order in p actu-
ally extends to any interaction among the solvent particles,
including the so-called Asakura—Oosawa model (0;=0, o,
>0,/2, 0> 0,/2), i.e., only the solute-solvent (ai and bi)
and solute-solute (ab) interactions need to be those of hard
spheres. We must also point out that Eq. (7), while applying
to first order in density only, is quite general in the following
sense: (i) The solvent may be in general polydisperse, (ii) the
solute-solvent and solute-solute hard-sphere interactions are
not necessarily additive, and (iii) the two solute spheres may
have arbitrary sizes. We remark that, in general, the depletion
potential u,,(r) is not a polynomial function of distance but a
polynomial of degree four divided by the distance between
the centers of spheres a and b. Only in the cases a=b [see
Eq. (8)] and b— wall [see Eq. (10)] does the potential be-
come a polynomial (of degree three).

The results of this section are exact but restricted to a
low-density solvent. In particular, the Asakura—Oosawa po-
tentials turn out to be purely attractive (with a range corre-
sponding to the diameter of the solvent particles) and scale
with the solvent density. Neither of these features remains as
the density is increased. While it would be nice to have some
measure of the error made in using Eq. (9) or Eq. (11) in
actual situations, there is unfortunately no clear-cut way to
estimate such an error. Instead, we note that, according to the
qualitative discussion performed in Ref. 12, the entropic
force grows faster than the bulk density and becomes repul-
sive for distances on the order of half the diameter of the
solvent particles. Hence, in order to account for these and
other finite-density effects on the depletion interaction one
must adopt a different strategy and resort to approximations.
In the next section we present our analytical approach, which
includes the PY approximation as a particular case.
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lll. THE RATIONAL FUNCTION APPROXIMATION
METHOD

In this section we start by recalling the main aspects of
the RFA method for multicomponent hard-sphere mixtures®®
and refer the interested reader to our recent review paper37
and references therein for details.

As in the preceding section, let us consider an
(N+2)-component fluid of hard spheres of diameters o; and
mole fractions x; (i=1, ..., N+2). Now we restrict ourselves
to the additive case, but otherwise the density p is arbitrary.
The packing fraction of the mixture is %= (7/6)p{c>), where

N+2

(0"y= > x;0" (12)
i=1

denotes the nth moment of the size distribution. According to
the RFA,*7 the Laplace transform G;;(s) of rg;(r) is given
by

—O'S

Gils) = Z[L(S) B~ (s)];, (13)

where 0;;=(0;+0;)/2 and L(s) and B(s) are (N+2)X(N
+2) matrices given by

— 700 (1) (2) 2
Ll-j(s)—L,-j +Li’s + Lii's™, (14)
Bij(s)=(1 +as)5ij_Aij(S)9 (15)

Ais) = prlex(09) LY + ¢y (a,5) L)

+ ‘PO(UiS)O'iLij ] (16)
In Eq. (16),
o) = -W(E SA ) (17
m=0

By construction, Eq. (13) complies with the requirement
lim,_..se”*G;;(s) =finite. Further, the coefficients of 5" and s
in the power series expansion of s°G; ;(s) must be 1 and 0,
respectively. This allows us to express L @ and L™ in terms
of L?® and a,

N+2

LE?)=)\+)\’0'j+2)\’a—)\p2 xkO'kL,(j), (18)
k=1
N+2

LEJD =\oy;+ %)"(’i‘rj +(\+ N g)a—3hpo; 2 ka'kL;g),
k=1

(19)
where
2
A=—"1)
-7
(20)
, 61y @
(1-n)*(c)

In principle, L® and « can be chosen arbitrarily without
violating any basic physical condition. In particular, the
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choice L(z)—a 0 gives the PY solution. 839 Since we want
to go beyond this approximation, we will determine the co-
efficients L® and a by taking prescribed values for g, (o)
and the associated thermodynamically consistent (reduced)
isothermal compressibility y. Hence, in our case,

2) =27ao;8,(0y;) (21)

and « is found to be the smallest real root of an algebraic
equation.

Here we will take for g;(o;;) the accurate extended
Carnahan-Starling—Kolafa (eCSK3) appr0x1mat1on35 40

1 L 3n 37 <0’2)00
—7 2(1-9*) o
.\ 772(5 -2+ 2%)(@%)2
200-7° (o) o
LT ﬂ>(@m)3
6(1 - 7])2 <03> O-] '
which is thermodynamically consistent with the (reduced)

isothermal compressibility y derived from Boublik’s equa-
tion of state,41 namely

1 67 (o)(0?)
-7 (1-79)° (o)
. 77227— 8n- 87724+ 4773<aj>z_

3(1-7) ()

In the case where one of the species (say j=N+2) becomes a
wall (i.e., xy,0—0, oy — %), Eq. (22) reduces to

1 35 <ol>

TR
. 772 5- 27l+2772)(<0'2> )2
3(1-7)° (o)

(1+77)(<02> )3
3= 72 (D

gl]( 1])

(22)

1/)(=(

(23)

gH/l(O-Wl)

(24)

A. Infinite dilution of species a and b

Now we assume that the mole fractions of species i=N
+1 and i=N+2 (labeled again as i=a and i=b, respectively)
vanish, i.e., x,—0, x,— 0. In that case, those species do not
contribute to the total packing fraction or to other average
values

(oY — D X0, n=3. (25)
i=1

We assume that this is the case, even if the diameters of the
spheres of species a and b are infinitely larger than those of
the solvent species.

The limits x,— 0, x, — 0 imply that the last two rows of
the (N+2) X (N+2) matrix A defined by Eq. (16) vanish, so
that the (N+2) X (N+2) matrix B defined by Eq. (15) has the
following block structure:
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Yab(z) = guh(z + Uah)a = 0. (37)
In Laplace space,
Gup(s) = e 7o, y(s) =T ()], (38)
where
IOE f dze ™y, (2) (39)
0

is the Laplace transform of y,,(z) and I'),(s)=dl,,(s)/ds. In
the wall limit o, — o0, Eq. (38) yields

2
Fwa(s) = lim _egabSGab(s)

op—® O'b

N
2 1
—HﬂJQSLW®+§¢W@hmwﬂ

(40)

where in the last step we have made use of Eq. (30) and have
defined

_ L
L ()= lim 22
op—%® gy
(41)
Ko(o) = tim 2280
op—® O'b
From Egs. (14), (16), (18), (19), and (21) we get
Low(s) = L0+ LW 4 12 & (42)
A (5) = px [ oy(o; s)a’?Lfg) + ¢,(0o; s)o‘szi)
+ golais) il ], (43)
N
Zgg) N - Wa)\pz O-ng](o-wj) (44)
N
_ AN A
Lz('»lv) =5+ 50 7TCV—PO'I'ED X018 (0,7) s (45)
272 i
l_‘fwzz) = Tra’gwi(a-wi)7 (46)

where i=a, 1,...,N in Egs. (44)—(46). The corresponding
expressions for the depletion potential and force are

Buwa(z) =-In 7wa(z) =-1In 'C_l[rwa(s)]’ (47)
o din (D) Y@ L7ET () = Ya(0)]
BF,(2)=- 8 A @) LT 0]

(48)

In the case of a monocomponent solvent (i.e., o;=0,
i=1), one has A;,(s)=x;A,(s) and Eq. (40) becomes
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FIG. 1. (Color online) Depletion force and depletion potential between two
identical (big) hard spheres embedded into a solvent bath of (small) hard
spheres as functions of distance. In this case, =1, R=2, and 7=0.3. Solid
lines: RFA approach; dashed lines: PY result; circles: Simulation data from
Ref. 14.

r ( )_ - aw(s)[l +as—A (S)] +La1(S)A (S)
wald 7Ts2 (I+as)[1+as—A(s)]

(49)
Of course, the same result can be obtained from Eq. (35).

IV. RESULTS

In this section we illustrate the results that one obtains
using our approach by considering some representative

[ . . . .

5.0 5:5 6.0 6.5 7.0 7.5

¥/ o,

FIG. 2. (Color online) Depletion force between two identical (big) hard
spheres embedded into a solvent bath of (small) hard spheres as a function
of distance. In this case, %=1, R=5, and 7=0.116. Solid line: RFA ap-
proach; dashed line: PY result; circles: Simulation data from Ref. 12.
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50 55 6.0 65 7.0

7/ o,

FIG. 3. (Color online) Depletion potential between two identical (big) hard
spheres embedded into a solvent bath of (small) hard spheres as a function
of distance. In this case, X =1, R=5, and results are displayed for three
values of 7. Solid lines: RFA approach; dashed lines: PY results; squares:
Simulation data for 7=0.1 from Refs. 17 (open symbols) and 9 (filled sym-
bols); circles: simulation data for 7=0.2 from Refs. 17 (open symbols) and
9 (filled symbols); triangles: Simulation data for 7=0.3 from Ref. 9.

cases. For simplicity, we will restrict ourselves to a mono-
component solvent so that o;=o0,(i=N). Without loss of
generality we will measure distances in units of o and so the
important parameters will be the solvent packing fraction 7
and the size ratios X = 0,/ o, and R= 0,/ 0. In Figs. 1-5 we
present the curves obtained using both the PY theory and the
RFA approach as well as the corresponding simulation
data >1214.17

As can be seen from the figures, the RFA results cer-
tainly represent an improvement over the PY theory in all
cases for both the depletion force and the depletion potential,
yielding in particular much better values for the well depth in
the depletion potential. Our analysis will begin with the
cases where both solute particles have the same size (2=1),
namely those in Figs. 1-3. The RFA results are clearly supe-
rior to the PY ones in the region o,=r=<o,+ %0'1. For larger
distances, however, the RFA and PY predictions are hardly
distinguishable. When R=2 (see Fig. 1) the oscillations of

[IJ 1 1 1 1

0.0 0.5 1.0 1.5 2.0 2.5

z/ o,

FIG. 4. (Color online) Depletion force between a hard planar wall and a
(big) sphere in a background fluid of (small) hard spheres. In this case, 2
— o, R=5, and results are displayed for two values of 7. Solid lines: RFA
approach; dashed lines: PY result; circles: Simulation data for 7=0.1 from
Ref. 12; squares: Simulation data for 7=0.2 from Ref. 12.
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0.0 0.5 1.0 1.5 2.0 2.5

z/ o,

FIG. 5. (Color online) Depletion force between a hard planar wall and a
(big) sphere in a background fluid of (small) hard spheres. In this case, >
—, R=10, and 7=0.1. Solid line: RFA approach; dashed line: PY result;
circles: Simulation data from Ref. 12.

both the RFA and the PY curves are slightly dephased with
respect to the simulation data. A similar behavior is exhibited
by the density functional theory shown in Fig. 2(a) of Ref.
14. Figure 1 also shows that the depletion force is a much
more stringent quantity than the depletion potential. In par-
ticular, the PY theory predicts a local minimum of F,, (as-
sociated with an inflection point of u,,) at r=0o,+0.20,
while both the RFA and the simulation data present a mono-
tonic increase of F,, in the region o,=r=o0,+0;. If R=5
(Figs. 2 and 3), the performance of the RFA with respect to
the depletion force becomes poorer as illustrated in Fig. 2 for
7=0.116, but the theory is still able to capture even quanti-
tatively all the features of the depletion potential for 7=0.1
and 7=0.2. For »=0.3, paradoxically in contrast to the case
R=2 of Fig. 1, it follows correctly the trend of the oscilla-
tions but otherwise overestimates the barrier height. Al-
though not shown here and most likely related with the pre-
vious deficiency, also for 7=0.3 the force starts to present
features that seem not to occur in the simulations. We will
come back to this point later on in connection with the hard
planar wall limit 3 — oo,

Now we turn to a more stringent situation, namely the
case where the depletion effect takes place between a hard
planar wall and a solute sphere, i.e., 2 —cc. In this instance,
as shown in Figs. 4 and 5, the agreement between the RFA
results and the simulation data is also reasonably good. Par-
ticularly rewarding is the fact that, at least for »=0.1, one
gets a good performance even when R=10 (Fig. 5). Analo-
gously to the cases with X =1, the RFA strongly improves
over the PY results for distances z=< 4310'1 from the wall but
both theories practically coincide for larger distances. Also,
the PY theory predicts a spurious local minimum of the
depletion force near z=%o-1. It should be pointed out that in
the planar wall limit one also starts to get a peculiar behav-
ior, not shown in the figures, for relatively low densities (7
=0.2 if R=10). This behavior, also shared by the PY theory,
has similar features to the ones mentioned in connection with
the poorer performance for some systems having 2=1, that
is, the appearance of spurious local minima in the depletion
forces and of inflection points in the depletion potentials.
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